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In this paper we study a homotopy invariant of phantom maps called the Gray index.
We give a new interpretation of the Gray index of a phantom map f : X → Y , in terms
of the rationalization of X . We use this interpretation, in order to detect phantom maps
of a speciﬁc Gray index. Finally, we examine the set of phantom maps with inﬁnite Gray
index in a tower theoretic way.
© 2010 Elsevier B.V. All rights reserved.
1. Introduction
A pointed map f : X → Y between CW-complexes is a phantom map if its restriction to the n-skeleton of X is null-
homotopic for all n ∈ N. Throughout this paper we will work in the pointed homotopy category of CW-complexes. Let
[X, Y ] denote the pointed set of homotopy classes of maps from X to Y and Ph(X, Y ) the pointed set of homotopy classes
of phantom maps from X to Y . There are two basic approaches in the study of phantom maps.
The ﬁrst one, which makes essential use of the functor lim←−
1, is based on the existence of bijections of pointed sets
Ph(X, Y ) ∼= lim←−
1[Σ Xn, Y ] ∼= lim←−
1[X,ΩY (n)], where Xn denotes the n-skeleton of X and Y (n) the nth Postnikov section of Y .
See [1] for the deﬁnition and basic properties of the functor lim←−
1. The space Y (n) has trivial homotopy groups in dimen-
sions greater than n and for each n ∈ N there is a natural map qn : Y → Y (n) , which induces an isomorphism between
the homotopy groups in dimensions up to n.
The second approach in the study of phantom maps is the rationalization-completion approach, which makes essential
use of the following fundamental ﬁbration sequences for nilpotent, ﬁnite type complexes X and Y . The ﬁrst one is
Xτ
i−−−−→ X r−−−−→ X0
where r : X → X0 is the rationalization of X . Then, the induced map r∗ is the algebraic rationalization on the homotopy
and homology groups of X . Every map f : X → Z where Z is a nilpotent 0-local space, factors uniquely up to homotopy
through r [3]. If in addition the fundamental group of X is ﬁnite, it turns out that the above sequence is also a coﬁbra-
tion [7]. The second ﬁbration sequence is
Yρ −−−−→ Y ê−−−−→ Ŷ
where ê : Y → Ŷ is the proﬁnite completion of Y [11].
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ê and r respectively [7, Theorem 5.1].
Given a phantom map f : X → Y , since its restriction to the n-skeleton of X is null-homotopic, there are homotopy
factorizations of the form
X
f
Y
X/Xn
fn
for each n. The map fn is usually not uniquely determined in this diagram. The Gray index G( f ) of f is the largest integer
n for which a phantom choice for fn can be made.
This notion has been studied in detail in [4–6,10]. In particular, in [5] the authors have given an interpretation of
the Gray index in terms of the tower {[X,ΩY (n)]}. One of their main results is the following: Let Gn = [X,ΩY (n)] and
G(n)k = Im(Gn → Gk) for all n  k. Then, under the identiﬁcation Ph(X, Y ) ∼= lim←−
1Gn , the Gray index of a phantom map
f : X → Y is  k − 1, if and only if the homotopy class of f is in the kernel of the natural map pk : lim←−
1
n
Gn → lim←−
1
n
G(n)k .
Here, we turn our attention to an interpretation of the Gray index in terms of the rationalization approach to phantom
maps.
In Section 2 we use a dual deﬁnition of the Gray index, in order to obtain an alternative characterization of it.
Our ﬁrst result gives a necessary and suﬃcient condition for a phantom map to have a given Gray index.
Theorem 2.4. The following conditions are equivalent for a phantommap f : X → Y between 1-connected, ﬁnite type CW-complexes:
(i) G( f ) k − 2.
(ii) The composition qk ◦ f is essential for every map f : X0 → Y such that f = f ◦ r in the following homotopy commutative diagram
X
f
r X0
f
qk◦ f
Y qk Y
(k),
where qk is the natural map from Y to the kth Postnikov section Y (k) of Y and r is the rationalization of X .
Here the term essential means that qk◦ f is not homotopic to the trivial map between X0 and Y (k) .
Using this interpretation of the Gray index, we obtain a new method of constructing phantom maps having a particular
Gray index.
Theorem 2.6. Let X and Y be 1-connected, ﬁnite type CW-complexes, such that r∗ : [X0, Y ] → Ph(X, Y ) is a bijection. If the abelian
groups Hn−1(X0) and πn(Y )⊗Q are both non-zero, then there exist uncountably many homotopy classes of essential phantom maps
X → Y with Gray index n − 2.
In Section 3 we examine the question whether a map g : Y → Y ′ which induces a bijection g∗ : Ph(X, Y ) → Ph(X, Y ′)
maintains the Gray index of every phantom map. We give a partial solution.
Proposition 3.2. Let X, Y , Y ′ be 1-connected, ﬁnite type CW-complexes, such that there is a rational equivalence g : Y → Y ′ , which
induces a bijection g∗ : Ph(X, Y ) → Ph(X, Y ′). Then, G( f ) = G(g ◦ f ) for each phantom map f : X → Y .
In Section 4 we examine the existence of phantom maps with inﬁnite Gray index. We denote by Phω(X, Y ) the set of
homotopy classes of phantom maps between X and Y with inﬁnite Gray index. Then, according to [4], Phω(X, Y ) may be
described algebraically as
Phω(X, Y ) ∼= lim←−
1(Imω[X,ΩY (n)]),
where Imω Gn =⋂k1 image(Gn+k → Gn) for any tower of groups {Gn}.
In his thesis [2] Gray claimed that Phω(X, Y ) = ∗ for all spaces X and Y . Though we now know that this is not the case,
Hà in [4] showed that every phantom map between X and Y has ﬁnite Gray index if Y is a ﬁnite type bouquet of spheres.
However, for any ﬁnite type space Y ′ , there is a ﬁnite type bouquet of spheres Y and a map g : Y → Y ′ , which induces an
epimorphism on homotopy groups. The induced map
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(
X, Y ′
)
is also a surjection by [8, Theorem 2]. In general, it is not known if the induced map
g∗ : Phω(X, Y ) → Phω
(
X, Y ′
)
is still a surjection. We present an example of an epimorphism between towers ϕ : A → B , such that the induced map
lim←−
1 Imω ϕ : lim←−
1 Imω An → lim←−
1 Imω Bn
is not a surjection. We conclude that it is not possible to show by a purely tower-theoretic argument that a map g : Y → Y ′
between CW-complexes which induces a (rational) epimorphism between their homotopy groups, will induce a surjection
g∗ : Phω(X, Y ) → Phω(X, Y ′).
2. Rationalization and the Gray index
The Gray index of a phantom map f was ﬁrst deﬁned by Gray in his doctoral thesis [2]. Since f is a phantom map,
there are homotopy factorizations of the following form for each natural number n:
X
f
Y .
X/Xn
fn
The extension fn is not necessarily unique.
Deﬁnition 2.1. The Gray index of f , G( f ), is the largest integer n for which the extension fn can be chosen to be a phantom
map.
We say that G( f ) = ∞ if the extension fn can be chosen to be a phantom map for every n. Obviously, the Gray index of
the trivial map is inﬁnity. There is a dual Gray index for phantom maps that is deﬁned as follows.
Let Y 〈n〉 be the nth connective cover of Y , so that for each n ∈ N there is a natural ﬁbration
Y 〈n〉 pn−−−−→ Y qn−−−−→ Y (n).
The map pn : Y 〈n〉 → Y induces an isomorphism π j(pn) : π j(Y 〈n〉) → π j(Y ) for all j > n, whereas π j(Y 〈n〉) = 0 if
j  n.
Let f : X → Y be a phantom map. Then so is the composite qn ◦ f : X → Y (n) for each n ∈ N. However, Y (n) having only
ﬁnitely many non-zero homotopy groups, there are no non-trivial phantom maps between X and Y (n) . This implies that a
map f : X → Y is a phantom map if and only if it factors up to homotopy for all n as follows
Y 〈n〉
X
ϕn
f
Y .
Then, the dual Gray index G
′
( f ) is the largest integer n such that the map ϕn can be chosen to be a phantom map.
Proposition 2.2. ([5, Proposition 1]) If f : X → Y is a phantom map then G ′ ( f ) = G( f ) + 1.
In his thesis [2] Gray claimed that every essential phantom map has ﬁnite Gray index. However, McGibbon and Strom
in [10] constructed an essential phantom map out of CP∞ with inﬁnite Gray index. The target space in their example does
not have ﬁnite type and their weakness to construct an essential phantom map between ﬁnite type spaces, having inﬁnite
Gray index, led them to the following conjecture.
Conjecture 2.3. Every essential phantom map between ﬁnite type spaces has ﬁnite Gray index.
Recently, Iriye in [6] constructed an essential phantom map between ﬁnite type spaces, having inﬁnite Gray index,
showing that this conjecture doesn’t hold. However, there are some cases where this conjecture is known to be true.
See [4,10] for some results in this direction. Given a phantom map f : X → Y between connected, nilpotent, ﬁnite type
complexes X and Y , it is well known that its homotopy class belongs to the image of r∗ : [X0, Y ] → [X, Y ], where r : X → X0
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f : X → Y is phantom if and only if it factors through the rationalization of X . Our ﬁrst result gives a necessary and
suﬃcient condition for a phantom map to have ﬁnite Gray index, in terms of the rationalization of X .
Theorem 2.4. The following conditions are equivalent for a phantommap f : X → Y between 1-connected, ﬁnite type CW-complexes:
(i) G( f ) k − 2.
(ii) The composition qk ◦ f is essential for every map f : X0 → Y such that f = f ◦ r in the following homotopy commutative diagram
X
f
r X0
f
qk◦ f
Y qk Y
(k),
where qk is the natural map from Y to the kth Postnikov section Y (k) of Y and r is the rationalization of X .
Proof. (i) ⇒ (ii) The ﬁbration
Y 〈k〉 pk−−−−→ Y qk−−−−→ Y (k)
and the coﬁbration
Xτ
i−−−−→ X r−−−−→ X0
induce the following commutative diagram whose rows and columns are exact sequences of pointed sets:
[X0, Y 〈k〉] r
∗−−−−→ [X, Y 〈k〉] i∗−−−−→ [Xτ , Y 〈k〉]
(pk)∗
⏐⏐	 (pk)∗⏐⏐	 ⏐⏐	(pk)∗
[X0, Y ] −−−−→
r∗
[X, Y ] −−−−→
i∗
[Xτ , Y ]
(qk)∗
⏐⏐	 (qk)∗⏐⏐	 ⏐⏐	(qk)∗
[X0, Y (k)] −−−−→
r∗
[X, Y (k)] −−−−→
i∗
[Xτ , Y (k)].
If G( f )  k − 2 then, according to Proposition 2.2, every fk : X → Y 〈k〉, such that f = pk ◦ fk , is not phantom. Thus, if
there is a lift f : X0 → Y of f such that qk ◦ f is inessential, then f ∈ ker(qk)∗ = im(pk)∗ and hence f = (pk)∗(g) for some
g : X0 → Y 〈k〉. Then, r∗(g) : X → Y 〈k〉 is a lift of f and hence, in view of the above, r∗(g) is not phantom. But this is a
contradiction, since r∗[X0, Y 〈k〉] = Ph(X, Y 〈k〉).
(ii) ⇒ (i) If qk ◦ f is essential for every lift f : X0 → Y of f , then the Gray index of f is strictly less than k − 1. Indeed,
if there is a lift fk : X → Y 〈k〉 of f which is phantom, then there is g ∈ [X0, Y 〈k〉] such that r∗(g) = fk . It follows that
f = (pk)∗(g) = pk ◦ g : X0 → Y is a lift of f for which qk ◦ f is inessential, a contradiction. 
Let X , Y be 1-connected, CW-complexes of ﬁnite type and consider the rationalization X0 of X . In view of Theorem 2.4,
it is of some interest to examine the map (qk)∗ : [X0, Y ] → [X0, Y (k)] which is induced by the natural map qk : Y → Y (k)
from Y to its kth Postnikov section. However, for 1-connected CW-complexes of ﬁnite type we have a bijection of pointed
sets
[X0, Y ] ≈
∏
n1
Ext(Hn−1X0,πnY ),
which is natural in Y [7, Theorem 5.2]. We may therefore identify the induced map (qk)∗ : [X0, Y ] → [X0, Y (k)] with the
projection
∏
n1
Ext(Hn−1X0,πnY ) →
∏
n1
Ext
(
Hn−1X0,πnY (k)
)= k∏
n=1
Ext(Hn−1X0,πnY ).
In particular, a non-trivial element g ∈ [X0, Y ] corresponds to a non-trivial sequence (g1, g2, . . .) ∈∏n1 Ext(Hn−1X0,πnY ).
Let gi0 be the ﬁrst non-zero element in such a sequence. Then, g does not belong to the kernel of the map (qi0 )∗ : [X0, Y ] →
[X0, Y (i0)]. Combining these results, we obtain a new proof of:
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bijection of pointed sets, then every essential phantom map X → Y has a ﬁnite Gray index.
Proof. An essential phantom map f : X → Y corresponds to a unique essential map f : X0 → Y , which in turn corresponds
to a non-trivial sequence ( f1, f2, . . .) ∈∏n1 Ext(Hn−1X0,πnY ). If f i0 is the ﬁrst non-zero element of that sequence, then f
does not belong to the kernel of the map (qi0)∗ : [X0, Y ] → [X0, Y (i0)]. Therefore, according to Theorem 2.4, the Gray index
of f is  i0 − 2. 
The requirement that r∗ : [X0, Y ] → Ph(X, Y ) is a bijection is satisﬁed by many familiar spaces. For example, this is the
case if X is a 1-connected Postnikov space of ﬁnite type (i.e. πn(X) = 0 for n  0) and Y is a 1-connected ﬁnite complex
[7, Theorem 5.6].
Theorem 2.4 enables us to do much more in the situation where r∗ is a bijection between [X0, Y ] and Ph(X, Y ). Hà and
Strom have shown in [5] that for phantom maps between nilpotent spaces of ﬁnite type, the ﬁnite values of the Gray index
are limited to those integers n − 2, for which Hn−1(X;Q) and πn(Y ) ⊗ Q are both non-zero (or, equivalently, for which
Hn−1(X0) and πn(Y )⊗Q are both non-zero). In the situation where r∗ is a bijection between [X0, Y ] and Ph(X, Y ), we can
show that there actually exists a phantom map X → Y with Gray index n − 2, if these conditions are satisﬁed.
Theorem 2.6. Let X and Y be 1-connected, ﬁnite type CW-complexes, such that r∗ : [X0, Y ] → Ph(X, Y ) is a bijection. If the abelian
groups Hn−1(X0) and πn(Y )⊗Q are both non-zero, then there exist uncountably many homotopy classes of essential phantom maps
X → Y with Gray index n − 2.
Proof. The homology groups of X0 are ﬁnite-dimensional rational vector spaces and the homotopy groups of Y are ﬁnitely
generated abelian groups. Note also that Ext(Q,Z) ∼= R and Ext(Q, T ) = 0 when T is a ﬁnite abelian group. Hence, if
Hn−1(X0) = 0 and πn(Y ) ⊗ Q = 0 then Ext(Hn−1(X0),πn(Y )) is uncountable. Thus, if these two conditions are satisﬁed, we
can choose uncountably many elements ( f i) ∈∏i1 Ext(Hi−1X0,πi Y ), whose ﬁrst non-zero coordinate is the nth one. Let
( f i) be such an element. Then, ( f i) belongs to the kernel of∏
i1
Ext(Hi−1X0,πi Y ) →
∏
i1
Ext
(
Hi−1X0,πi Y (k)
)
for k < n but not for k = n (since πi(Y (k)) = πi(Y ) for i  k and vanishes otherwise).
Since
∏
i1 Ext(Hi−1X0,πi Y ) ≈ [X0, Y ] and [X0, Y ] ≈ Ph(X, Y ), the sequence ( f i) corresponds to a unique essential
phantom map f : X → Y . By construction, the composition qk ◦ f is inessential for k < n and essential for k = n for the
unique lift f : X0 → Y . Hence, in view of Theorem 2.4, the Gray index of f is n − 2. 
Example A. According to McGibbon and Strom [10], there are phantom maps CP∞ → S2 ∨ S2 of Gray index 2n − 1 for
each n 1. Indeed, since CP∞ is a 1-connected Postnikov space of ﬁnite type and S2 ∨ S2 is a 1-connected ﬁnite complex,
the map r∗ : [CP∞0 , S2 ∨ S2] → Ph(CP∞, S2 ∨ S2) is a bijection. Hence, in view of Theorem 2.6, it is enough to verify that
CP∞ has non-zero rational homology in even, and S2 ∨ S2 non-zero rational homotopy in odd degrees. On the one hand,
X = CP∞ and hence
Hn(X0) =
{
Q, n even,
0, n odd.
On the other hand, by the Hilton–Milnor theorem [12], we have
Ω
(
S2 ∨ S2)≈∏
a
Ω Sna
where the loop spaces of all spheres of dimensions  2 appear as factors in the product. It follows that S2∨ S2 has non-zero
rational homotopy for each n  3. Therefore, the existence of phantom maps of Gray index 2n − 1 for each n  1 follows
from Theorem 2.6.
Example B. There exist essential phantom maps K (Z,2) × K (Z,3) → S2 ∨ S2 of Gray index n, for each n 1. Indeed, since
K (Z,2)× K (Z,3) is a 1-connected Postnikov space of ﬁnite type and S2 ∨ S2 is a 1-connected ﬁnite complex, we know that
r∗ : [(K (Z,2) × K (Z,3))0, S2 ∨ S2]→ Ph(K (Z,2) × K (Z,3), S2 ∨ S2)
is a bijection. By the preceding example, we know that S2 ∨ S2 has non-zero rational homotopy in all degrees, while the
Künneth formula shows that K (Z,2) × K (Z,3) has non-zero rational homology in all degrees as well. Hence, the existence
of the asserted phantom maps follows from Theorem 2.6.
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We now turn our attention to the extent to which a map g : Y → Y ′ raises the Gray index of a phantom map f : X → Y .
In the case where g is a rational equivalence which induces a bijection g∗ : Ph(X, Y ) → Ph(X, Y ′), we show that the Gray
index of each phantom map between X and Y is preserved.
We will make use of the following. Let X , Y and Y ′ be 1-connected, ﬁnite type complexes and g : Y → Y ′ is a map which
induces an epimorphism on rational homotopy groups. Then, according to [8, Theorem 2], the induced map on phantom
sets g∗ : Ph(X, Y ) → Ph(X, Y ′) is a surjection. We have the following result.
Proposition 3.1. Let X, Y , Y ′ be 1-connected, ﬁnite type CW-complexes, such that there is a map g : Y → Y ′ which induces an
epimorphism on rational homotopy groups, f ∈ Ph(X, Y ′) and g−1∗ ( f ) = { f i, i ∈ I}. Then,
G( f ) = sup{G( f i), i ∈ I},
where sup{G( f i), i ∈ I} allows to be inﬁnite.
Proof. It is clear that G( f )  sup{G( f i), i ∈ I}. We will show that G( f )  sup{G( f i), i ∈ I}. We can assume that
sup{G( f i), i ∈ I} is ﬁnite, otherwise there is nothing to show. Let m = sup{G( f i), i ∈ I} + 1. Then, f i is not in the im-
age of
( jm)
∗ : Ph(X/Xm, Y ) → Ph(X, Y )
for all i ∈ I , where jm : X → X/Xm is the natural map. Invoking the commutative diagram
Ph(X/Xm, Y )
( jm)∗−−−−→ Ph(X, Y )
g∗
⏐⏐	 g∗⏐⏐	
Ph(X/Xm, Y ′)
( jm)∗−−−−→ Ph(X, Y ′)
whose vertical maps are surjections [8, Theorem 2], we conclude that f is not in the image of ( jm)∗ . So G( f )m− 1. 
Using this proposition we obtain the following result.
Proposition 3.2. Let X, Y , Y ′ be 1-connected, ﬁnite type CW-complexes, such that there is a rational equivalence g : Y → Y ′ , which
induces a bijection g∗ : Ph(X, Y ) → Ph(X, Y ′). Then, G( f ) = G(g ◦ f ) for each phantom map f : X → Y .
Remark 3.3. A rational equivalence g : Y → Y ′ is a map which induces a homotopy equivalence between the rationalizations
of the two spaces. In general, a rational equivalence induces a surjection g∗ : Ph(X, Y ) → Ph(X, Y ′) [8, Theorem 2]. If there
is also a rational equivalence in the opposite direction, then the induced map on phantom sets is a bijection.
Proof. As g is a rational equivalence, it induces an epimorphism on rational homotopy groups and the proof follows from
Proposition 3.1. 
4. Towers and phantommaps with inﬁnite Gray index
Here, we study the set Phω(X, Y ) of phantom maps having inﬁnite Gray index between two spaces X and Y . One of the
basic results in [4] is that this set is trivial when Y is a ﬁnite type bouquet of spheres. In other words, every phantom map
between X and Y has ﬁnite Gray index if Y is a ﬁnite type bouquet of spheres. However, for any ﬁnite type space Y ′ , every
generating set of π∗(Y ′) yields a ﬁnite type bouquet of spheres Y and a map g : Y → Y ′ , which induces an epimorphism on
homotopy groups. The induced map on phantom sets is also a surjection by [8, Theorem 2], i.e. the map
g∗ : Ph(X, Y ) → Ph
(
X, Y ′
)
is onto. Our next result suggests that the computation of the kernel of g∗ : Ph(X, Y ) → Ph(X, Y ′) is useful in order to control
the set Phω(X, Y ′).
Proposition 4.1. Let X , Y and Y ′ be 1-connected, ﬁnite type spaces, where Y is a bouquet of spheres and g : Y → Y ′ is a map which
induces an epimorphism on homotopy groups. If g∗ : Ph(X, Y ) → Ph(X, Y ′) is a ﬁnite-to-one covering then every phantom map
between X and Y ′ has ﬁnite Gray index.
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g−1∗ ( f ) is a ﬁnite set.
Proof. Let f ∈ Ph(X, Y ′) and g−1∗ ( f ) = { f1, f2, . . . , fn}. Since Y is a bouquet of spheres of ﬁnite type, every phantom map
between X and Y has ﬁnite Gray index. In particular, f1, f2, . . . , fn have ﬁnite Gray index. It follows that sup{G( f i),
i = 1,2, . . . ,n} is ﬁnite. Since G( f ) = sup{G( f i), i = 1,2, . . . ,n} from Proposition 3.1, f has ﬁnite Gray index. 
As mentioned earlier, Conjecture 2.3 is not true for arbitrary ﬁnite type spaces. This means that a map g : Y → Y ′ that
induces an epimorphism on homotopy groups, though it induces an epimorphism
g∗ : Ph(X, Y ) → Ph
(
X, Y ′
)
,
it doesn’t always induce an epimorphism
g∗ : Phω(X, Y ) → Phω
(
X, Y ′
)
.
In the ﬁnal part of this article we will present an algebraic example, which shows why the map
g∗ : Phω(X, Y ) → Phω
(
X, Y ′
)
is not always onto. The method used by McGibbon and Roitberg in [8] in order to prove that a map g : Y → Y ′ that
induces an epimorphism on homotopy groups will induce a surjection g∗ : Ph(X, Y ) → Ph(X, Y ′) was the following. The map
g : Y → Y ′ induces a map between the towers {Gn} and {G ′n}, where Gn = [X,ΩY (n)] and G ′n = [X,ΩY ′(n)]. This map of
towers turns out to have a ﬁnite cokernel at each level. However, a map of towers with ﬁnite cokernels induces a surjection
lim←−
1(Gn) → lim←−
1(G ′n). Using the fact that Ph(X, Y ) ∼= lim←−
1[X,ΩY (n)] and Ph(X, Y ′) ∼= lim←−
1[X,ΩY ′(n)], they conclude that
g∗ : Ph(X, Y ) → Ph(X, Y ′) is a surjection.
In the case where X and Y are connected, nilpotent ﬁnite type complexes, the tower {Gn} = {[X,ΩY (n)]} has the follow-
ing properties:
Proposition 4.3. ([9, Proposition 0.1]) Let X and Y be connected, nilpotent ﬁnite type complexes with Gn = [X,ΩY (n)]. Then, for each
n 1:
(i) Gn is a ﬁnitely generated nilpotent group.
(ii) The kernel of gn : Gn+1 → Gn is central in Gn+1 .
(iii) The cokernel of gn is a ﬁnite abelian group.
The algebraic characterization of Phω(X, Y ) in terms of towers is the following: Given a tower {Gn} of groups, we deﬁne
its ωth image subtower, denoted Imω G , by letting Imω Gn =⋂k1 image(Gn+k → Gn). Then, according to Hà [4], there is
an isomorphism of pointed sets
Phω(X, Y ) ∼= lim←−
1(Imω[X,ΩY (n)]).
We are going to prove that there exist towers of abelian groups {An} and {Bn} and a map of towers ϕ : A → B which is
rationally epimorphic, such that the induced map
lim←−
1 Imω ϕ : lim←−
1 Imω An → lim←−
1 Imω Bn
is not a surjection. The towers {An} and {Bn} will turn out to have the properties mentioned in Proposition 4.3. We will use
the following:
Lemma 4.4. Let {An} be a tower of ﬁnitely generated abelian groups. Then, there exists a tower of ﬁnitely generated abelian groups {Tn},
such that {Imω Tn} = {An}. Moreover, the tower {Tn} can be chosen to satisfy the properties of Proposition 4.3.
Proof. Let A = {A1 A2a1 A3a2 · · ·}a3 be a tower of ﬁnitely generated abelian groups. We ﬁx two different
primes p and q. Let T be the following tower:
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p⊕q
A21
p⊕q
A21
p⊕q
A21
Σ A1
⊕ ⊕ ⊕ ⊕
. . . A22
p⊕q
A22
p⊕q
A22
Σ A2
a1
⊕ ⊕ ⊕
. . . A23
p⊕q
A23
Σ A3
a2
⊕ ⊕
. . . A24
Σ A4
a3
Thus, T1 is the group A1, T2 is A21 ⊕ A2 and, in general, the group Tn at the nth stage of the tower is Tn = (
⊕n−1
i=1 A2i )⊕ An .
The homomorphism Σ is just the addition Σ(x, y) = x + y and the homomorphism p ⊕ q is (p ⊕ q)(x, y) = (px,qy). The
homomorphisms in the “diagonal” are the homomorphisms in the original tower. Thus, the map tn−1 : Tn → Tn−1 is
tn−1(x1, y1, . . . , xn−1, yn−1, z) =
(
px1,qy1, . . . , xn−1 + yn−1 + an−1(z)
)
,
for xi, yi ∈ Ai, i = 1, . . . ,n − 1, z ∈ An . It is clear that each structure map ti has a ﬁnite cokernel and thus, the tower T
satisﬁes the properties of Proposition 4.3. Since the equation 1 = pnx + qn y has integer solutions for all n ∈ N, it is clear
that Imω Tn = An for all n ∈ N and Imω T is the original tower
A1 A2
a1 A3
a2 · · ·a3 . 
We are now ready to present the following example. It states that a map between towers ϕ : A → B with the property
that imϕn has ﬁnite index in Bn for each n ∈ N does not necessarily induce a surjection between the lim←−
1 of their ωth
image subtowers.
Example C. We consider the following tower which has a non-trivial lim←−
1 term [7, p. 1228]:
B ′ = {Z Z2 Z2 · · ·}2 .
We construct, according to Lemma 4.4, a tower B such that Imω B = B ′ . We will construct a tower A, whose ωth image
subtower, Imω A is the trivial tower and a map of towers ϕ : A → B such that imϕn has ﬁnite index in Bn for each n ∈ N.
Nevertheless, the induced map
lim←−
1 Imω ϕ : lim←−
1 Imω An → lim←−
1 Imω Bn
will not be a surjection. The tower B constructed in the proof of Lemma 4.4 is the following
. . . Z2
p⊕q
Z2
p⊕q
Z2
p⊕q
Z2
Σ
Z
⊕ ⊕ ⊕ ⊕
. . . Z2
p⊕q
Z2
p⊕q
Z2
Σ
Z
2
⊕ ⊕ ⊕
. . . Z2
p⊕q
Z2
Σ
Z
2
⊕ ⊕
. . . Z2
Σ
Z
2
We consider the following tower A
. . . Z2
p⊕q
Z2
p⊕q
Z2
p⊕q
Z2
p⊕q
Z2
⊕ ⊕ ⊕ ⊕
. . . Z2
p⊕q
Z2
p⊕q
Z2
p⊕q
Z2
2p⊕2q
⊕ ⊕ ⊕
. . . Z2
p⊕q
Z2
p⊕q
Z2
2p⊕2q
⊕ ⊕
. . . 2 p⊕q 2
2p⊕2q
Z Z
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an−1(x1, y1, . . . , xn−2, yn−2, xn−1, yn−1, xn, yn)
= (px1,qy1, . . . , pxn−2,qyn−2, pxn−1 + 2pxn,qyn−1 + 2qyn).
It is clear that Imω A is the trivial tower.
We map A to B in the following way: ϕn : An → Bn,n 1 is
ϕ1(x1, y1) = x1 + y1,
ϕ2(x1, y1, x2, y2) = (px1,qy1, px2 + qy2),
ϕn(x1, y1, x2, y2, . . . , xn−1, yn−1, xn, yn)
= (px1,qy1, p2x2,q2 y2, . . . , pn−1xn−1,qn−1 yn−1, pn−1xn + qn−1 yn), n 3.
It is easy to check that ϕ : A → B is indeed a map of towers such that imϕn has ﬁnite index in Bn for all n ∈ N. The towers
A and B in addition satisfy the conditions of Proposition 4.3.
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